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CLASSIFICATION OF GRADIENT STEADY RICCI
SOLITONS WITH LINEAR CURVATURE DECAY
YUXING DENG∗ AND XIAOHUA ZHU∗∗
Abstract. In this paper, we give a description for steady Ricci solitons
with a linear decay of sectional curvature. In particular, we classify all
3-dimensional steady Ricci solitons and 4-dimensional κ-noncollpased
steady Ricci solitons with nonnegative sectional curvature under the
linear curvature decay.
1. Introduction
In his celebrated paper [21], Perelman conjectured that any 3-dimensional
κ-noncollapsed and non-flat steady (gradient) Ricci soliton must be rotation-
ally symmetric. The conjecture was solved by Brendle in 2012 [1]. For higher
dimensional steady Ricci solitons with positive sectional curvature, Brendle
also proved that they must be rotationally symmetric if they are asymptot-
ically cylindrical [2]. By verifying the asymptotically cylindrical property,
the authors recently show in [12] that any higher dimensional κ-noncollapsed
steady Ricci solitons with nonnegative curvature operator must be rotation-
ally symmetric, if its scalar curvature R(x) satisfies,
R(x) ≤ C
ρ(x)
, ∀ ρ(x) ≥ r0,(1.1)
for some r0 > 0. where ρ(x) denotes the distance from a fixed point x0.
In the present paper, we study steady Ricci solitons with nonnegative sec-
tional curvature under the assumption (1.1) even without the κ-noncollapsed
condition. By using Ricci flow method, we shall prove
Theorem 1.1. Let (M,g) be an n-dimensional steady Ricci soliton with
nonnegative sectional curvature which satisfying (1.1). Then the universal
cover (M˜, g˜) of (M,g) is one of the following:
(i) (M˜, g˜) is the euclidean space (Rn, gEuclid).
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(ii) (M˜, g˜) = (R2, gcigar)×(Rn−2, gEuclid), where gcigar is a Cigar solution
of Ricci soliton on R2.
(iii) (M˜ , g˜) = (Nk, gN ) × (Rn−k, gEuclid) (k > 2), where (N, gN ) is a k-
dimensional steady Ricci soliton with nonnegative sectional curvature and
positive Ricci curvature. Moreover, the scalar curvature RN (·) of (N, gN )
satisfies
C−11
ρN (x)
≤ RN (x) ≤ C1
ρN (x)
, RN (x) >> 1.(1.2)
It is known by a result of Chen that any 3-dimensional ancient solution
has nonnegative sectional curvature [6]. Thus by Theorem 1.1 together with
a result in [11], we give the following classification of 3-dimensional steady
Ricci solitons.
Corollary 1.2. Let (M,g) be a 3-dimensional steady Ricci soliton which
satisfies (1.1). Then the universal cover (M˜, g˜) of (M,g) is one of the
following:
(i) (M˜, g˜) is the euclidean space (R3, gEuclid).
(ii) (M˜, g˜) = (R2, gcigar)× R.
(iii) (M˜, g˜) is rotationally symmetric and (M,g) = (M˜, g˜).
Corollary 1.2 gives a partial answer to a conjecture of Hamilton that there
should exist a family of collapsed 3-dimensional complete gradient steady
Ricci solitons with positive curvature and S1-symmetry (cf. [5]). Our result
shows that the curvature of Hamilton’s examples could not have a linear
decay.
In general, it is hard to classify steady Ricci solitons with a linear decay
of sectional curvature in higher dimensions. For examples, besides Bryant’s
Ricci solitons as the rotationally symmetric solutions, Cao constructed a
family of U(n)-invariant steady Ricci solitons with positive sectional cur-
vature and linear curvature decay [3]. Dancer and Wang also constructed
many κ-noncollapsed steady Ricci solitons in [8] with Ricci curvature Ric(·)
and curvature tensor Rm(·) which satisfying
Ric(x) ≥ 0 and |Rm(x)| ≤ C
ρ(x)
, ∀ ρ(x) ≥ r0,(1.3)
for some r0 > 0. However, by following the argument in the proof of Theo-
rem 1.1, we further prove
Theorem 1.3. Let (M,g) be an n-dimensional non-flat steady Ricci soliton
with nonnegative sectional curvature and normalized scalar curvature
sup
x∈M
R = 1.
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Then, there exists a constant ε(n) depends only on n such that the universal
cover of (M,g) is (R2, gcigar)× (Rn−2, gEuclid) if
R(x)ρ(x) ≤ ε(n), ∀ ρ(x) ≥ r0,(1.4)
for some r0 > 0.
Theorem 1.3 is an improvement of Munteanu-Sung-Wang’s result [18,
Corollary 5.5]), where they proved that the universal cover of non-flat steady
Ricci solitons with nonnegative sectional curvature is (R2, gcigar)×(Rn−2, gEuclid)
if it satisfies
R(x)ρ(x)→ 0, as ρ(x)→∞.(1.5)
By Theorem 1.1, we can also classify non-flat 4-dimensional κ-noncollapsed
steady Ricci solitons with a linear decay of nonnegative sectional curvature.
Corollary 1.4. Let (M,g) be a non-flat 4-dimensional κ-noncollapsed steady
Ricci soliton with nonnegative sectional curvature which satisfying (1.1).
Then (M,g) must be rotationally symmetric.
The proof of Corollary 1.4 is reduced to using a result on 4-dimensional
steady Ricci solitons with nonnegative sectional curvature in [12], where
the asymptotically cylindrical property is verified in terms of Brendle under
the condition (1.2). In fact, for any n-dimensional κ-noncollapsed steady
Ricci solitons, we can weaken the nonnegativity of sectional curvature in
Theorem 1.1 to (1.3) to study the asymptotic behavior of level sets Σr =
{x ∈M | f(x) = r} on M (cf. Theorem 6.1). In particular, when n = 4, we
also derive the asymptotically cylindrical property as follows.
Theorem 1.5. Let (M,g) be a 4-dimensional κ-noncollapsed steady Ricci
soliton with positive Ricci curvature. Suppose that there are r0, C > 0 such
that
|Rm(x)| ≤ C
ρ(x)
, ∀ ρ(x) ≥ r0,
for some r0 > 0. Then, (M,g) is asymptotically cylindrical. Moreover, the
sectional curvature is positive away from a compact set K in M .
Compared with Corollary 1.4, we conjecture that the 4-dimensional steady
Ricci soliton in Theorem 1.5 is actually a Bryant soliton.
At last, we give the main idea in the proof of Theorem 1.1. By a splitting
result [14, Theorem 1.1] (also see the proof in [12, Lemma 5.1]), we only
need to deal with the case (iii) in the theorem, and to prove the split-off
steady Ricci soliton (Nk, gN ) (k ≥ 3) with nonnegative sectional curvature
and positive Ricci curvature satisfies (1.2). First, we show that each level
set Σr (r >> 1) on (N, gN ) has a uniform bounded diameter after the scale
3
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r−1 (cf. Section 3). The method is to estimate the distance function along
Σr as done in [12]. Next, we show that the rescaled (Σri , r
−1
i gN ) is an
almost flat manifold for any i ≥ i0 if there is a sequence of pi ∈ N such
that limi→∞RN (pi)ρN (pi) = 0, where fN (pi) = ri (cf. Section 4). Then
by the famous Gromov Theorem for the almost flat manifolds [13] (also see
Theorem 4.1), we will derive a contradiction since Σr is diffeomorphic to a
sphere [12, Lemma 2.1].
The paper is organized as follows. In Section 2, we recall some previous
results for steady Ricci soliton with nonnegative sectional curvature in [12]
and give a curvature estimate (cf. Proposition 2.4). In Section 3, we give a
diameter estimate of level sets (cf. Proposition 3.3). Theorem 1.1, Theorem
1.3 and Theorem 1.5 are proved in Section 4,5,6, respectively.
2. Preliminary and curvature estimate
(M,g, f) is called a gradient steady Ricci soliton if Ricci curvature Ric(·)
of g on M satisfies
Ric = Hess f,(2.1)
for some smooth function f ∈ C∞(M).
Let φt be one-parameter diffeomorphisms group generated by −∇f on
M . Then g(t) = φ∗t g satisfies Ricci flow,
∂g(t)
∂t
= −2Ric(·, t).(2.2)
In this section, we always assume the steady Ricci soliton (M,g, f) has
nonnegative Ricci curvature and M admits an equilibrium point o such that
∇f(o) = 0. Note that R is nonnegative by Chen’s result in [6]. Then by the
identity
|∇f |2 +R ≡ const,(2.3)
it is easy to see that
R(o) = Rmax = max
x∈M
R(x).
The existence of equilibrium points on (M,g) is guaranteed by the fol-
lowing lemma [12, Lemma 5.1].
Lemma 2.1. Let (M,g, f) be a non-flat steady Ricci soliton with nonnega-
tive sectional curvature. Let S = {p ∈ M |∇f(p) = 0} be equilibrium points
set of (M,g, f). Suppose that scalar curvature R of g decays uniformly.
Then the following statements are true.
(1) (S, gS) is a non-empty compact flat manifold, where gS is an induced
metric g.
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(2) Let o ∈ S. Then level set Σr = {x ∈ M | f(x) = r} is a compact
hypersurface of M . Moreover, each Σr is diffeomorphic to the other
whenever r > f(o).
(3) Mr = {x ∈M | f(x) ≤ r} is compact for any r > f(o).
(4) f satisfies
c1ρ(x) ≤ f(x) ≤ c2ρ(x), ∀ ρ(x) ≥ r0.(2.4)
The constants c1 and c2 in (2.4) can be estimated more precisely.
Lemma 2.2. Let (M,g, f) be a steady Ricci soliton with nonnegative Ricci
curvature. Suppose that f satisfies (2.4) and the scalar curvature R decays
uniformly. Then the following statements are true.
1). f(x) satisfies
f(x)
ρ(x)
→
√
Rmax, as ρ(x)→∞.(2.5)
2). If R(x) ≤ C
ρ(x) , then there are constants C1, C2 > 0 such that
−C1
√
ρ(x) +
√
Rmaxρ(x) ≤ f(x) ≤
√
Rmaxρ(x) + C2, ∀ ρ ≥ r0.(2.6)
Proof. 1). Since f satisfies (2.4), it is easy to see by (2.1) that R is not
identically zero and so Rmax > 0. Note that R decays uniformly. Thus, by
(2.3),
|∇f |2(x) >
√
Rmax
2
, ∀ f(x) ≥ r0.(2.7)
Choose r1 > 0 such that Σr0 ⊆ B(o, r) for all r ≥ r1, where o ∈ M
is a fixed point. Thus there exists τx > 0 for any x ∈ M \ B(o, r) such
that φτx(x) ∈ Σr0 by (2.7). It follows that there is a tx > 0 such that
φtx(x) ∈ ∂B(o, r). By integrating along the curve φs(x), we have
f(x)− f(φtx(x)) =
∫ tx
0
|∇f |2(φs(x))ds,
and
d(x, φtx(x)) ≤ Length(φs(x)|[0,tx], g) =
∫ tx
0
|∇f |(φs(x))ds.
Since
d|∇f |2
dt
(φt(x)) = −2Ric(∇f,∇f) ≤ 0, ∀ t ∈ R,
|∇f |(φs(x)) ≥ |∇f |(φtx(x)), ∀ s ∈ [0, tx].
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Consequently,
f(x)− f(φtx(x)) =
∫ tx
0
|∇f |2(φs(x))ds
≥|∇f |(φtx(x))
∫ tx
0
|∇f |(φs(x))ds
≥|∇f |(φtx(x))d(x, φtx(x)).
Note that φtx(x) ∈ ∂B(o, r). We derive
d(x, φtx(x)) ≥ ρ(x)− ρ(φtx(x)) = ρ(x)− r
and
|∇f |(φtx(x)) =
√
Rmax −R(φtx(x)) ≥
√
Rmax −Rr,
where Rr = supy∈∂B(o,r)R(y). Therefore, we obtain
f(x) ≥
√
Rmax −Rr(ρ(x)− r) + f(r),(2.8)
where f(r) = infy∈∂B(o,r) f(y).
For ρ(x)≫ 1, we take r =
√
ρ(x). Then, by (2.4) and (2.8), we get
f(x) ≥
√
Rmax −R√ρ(x)(ρ(x) −
√
ρ(x)) +C ′
√
ρ(x),(2.9)
On the other hand, by integrating f along the minimal geodesic γ(s) con-
necting x and o, we have
f(x)− f(o) ≤
√
Rmaxρ(x).(2.10)
Hence, combining (2.9) and (2.10), we obtain (2.5).
2). Note that
R√
ρ(x)
≤ C√
ρ(x)
.
Then, by (2.9) and (2.10), we also get (2.6). 
The following lemma is due to [12, Lemma 2.2].
Lemma 2.3. Let o ∈M be any fixed point of steady Ricci soliton (M,g, f).
Then for any p ∈M and number k > 0 with f(p)− k
√
f(p) > f(o), it holds
B(p,
k√
Rmax
; f−1(p)g) ⊂Mp,k,(2.11)
where Mp,k ⊂M is a subset defined by
Mp,k = {x ∈M | f(p)− k
√
f(p) ≤ f(x) ≤ f(p) + k
√
f(p)}.
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Proof. For any q ∈ M , let γ(s) be a minimal geodesic connecting p and q
such that γ(s1) = q and γ(s2) = p. Since
|∇f |2(x) = Rmax −R(x) ≤ Rmax, ∀ x ∈M,
|f(p)− f(q)| = |
∫ s2
s1
〈γ′(s),∇f〉ds| ≤
∫ s2
s1
|∇f |ds ≤
√
Rmaxd(q, p)
In particular, for q ∈M \Mp,k, we get
d(q, p) ≥ k
√
f(p) · 1√
Rmax
.
Hence
B(p,
k√
Rmax
; f−1(p)g) ⊂Mp,k.(2.12)

We end this section by the following curvature estimate.
Proposition 2.4. Let (M,g, f) be a steady Ricci soliton with Ricci curva-
ture and sectional curvature which satisfying (1.3). Suppose that f satisfies
(2.4). Then there exists a constant C(k) for each k ∈ N such that
|∇kRm|(p) · f k+22 (p) ≤ C(k), ∀ p ∈ M.(2.13)
Proof. Fix any p ∈M with f(p) ≥ 2r0 >> 1. Then
|f(x)− f(p)| ≤
√
f(p), ∀ x ∈Mp,1.
By Lemma 2.2, we may assume that
√
Rmax
2
ρ(x) ≤ f(x) ≤
√
Rmaxρ(x), ∀ ρ(x) ≥ r0.
Thus, by (1.3), it holds for any x ∈Mp,1,
|Rm(x)| · f(p) ≤ C
√
Rmax
f(p)
f(x)
≤ C
√
Rmaxf(p)
f(p)−
√
f(p)
≤ 2C
√
Rmax.
By (2.11) in Lemma 2.3, we get
|Rm(x)| · f(p) ≤ C ′, ∀ x ∈ B(p, 1√
Rmax
; gp) ⊆Mp,1,(2.14)
where gp = f
−1(p)g.
Since
∂
∂t
f(φt(p)) = −|∇f |2(x, t) ≤ 0,
f(φt(x)) ≥ f(x) ≥ r0, ∀ t ≤ 0, x ∈ B(p, 1√
Rmax
; gp).
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Combining with (1.3), we obtain from (2.14),
|Rmgp(t)(x)| ≤
√
CRmax
f(x)
≤ C
′
f(p)
, ∀ x ∈ B(p, 1√
Rmax
; gp(0)), t ∈ [−1, 0],
where Rmgp(t) is the curvature tensor of rescaled flow gp(t) = f
−1(p)g(f(p)t).
Note that the Ricci curvature of (M,g) is nonnegative when f(x) ≥ r0
and gp(t) satisfies Ricci flow (2.2). Then the flow gp(t) is shrinking on
B(p, 1√
Rmax
; gp(0)) by Lemma 2.3. Thus
B(p,
1√
Rmax
; gp(t)) ⊆ B(p, 1√
Rmax
; gp(0)), ∀ t ≤ 0.
By Shi’s higher order estimates, we get
|∇k(gp(t))Rmgp(t)|(x) ≤ C ′(k), ∀ x ∈ B(p,
1
2
√
Rmax
; gp(−1)), t ∈ [−1
2
, 0].
It follows that
|∇kRm|(x) · f k+22 (p) ≤ C ′(k), ∀ x ∈ B(p, 1
2
√
Rmax
; gp(−1)).
In particular, we obtain
|∇kRm|(p) · f k+22 (p) ≤ C ′2(k), as f(p) ≥ 2r0.
The proposition is proved. 
Remark 2.5. When Rmax = 1, according to the proof of Proposition 2.4, it
is easy to see by Lemma 2.2 that the constant C(k) in (2.13) depends only
on k and C, where C is the constant in (1.3).
3. diameter estimate
In this section, we follow the argument in [12] to give a diameter estimate
for steady Ricci solitons with Ricci curvature and sectional curvature which
satisfying (1.3).
Since g(t) = φt(g) is a solution of Ricci flow (2.2), the Ricci curvature
Rij(·, t) of g(t) satisfies [15],
∂Rij
∂t
= ∆Rij + 2RkijlRkl − 2RikRjk.(3.1)
Note that
LXRij = −∂Rij
∂t
and
LXRij −∇XRij = Ric(∇eiX, ej) + Ric(ei,∇ejX) = 2RikRjk,
8
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where X = ∇f . Then,
∇XRij +∆Rij + 2RkijlRkl = 0.
On the other hand, by the soliton equation (2.1), we have
∇iRjk −∇jRik = ∇i∇j∇kf −∇j∇i∇kf = −Rijkl∇lf.(3.2)
Hence,
Rm(X, ej , ek,X) = (∇Ric)(ej ,X, ek)− (∇Ric)(X, ej , ek).(3.3)
By taking trace of (3.2) and the contracted Bianchi Identity, we also have
Ric(X, ei) = −1
2
∇eiR.
Then
(∇Ric)(ej ,X, ek) =∂(Ric(X, ek))
∂xj
− Ric(X,∇ejek)− Ric(∇ejX, ek)
=− 1
2
∂2R
∂xj∂xk
+
1
2
〈∇ejek,∇R〉 −RjlRlk
=− 1
2
(HessR)jk −RjlRkl.(3.4)
Therefore, combining (3.3) and (3.4), we get
Lemma 3.1.
Rm(X, ej , ek,X) = −1
2
(HessR)jk −RjlRkl +∆Rjk + 2RijklRil(3.5)
Lemma 3.2. Let (M,g, f) be a steady Ricci soliton with Ricci curvature
and curvature tensor which satisfying (1.3). Suppose that f satisfies (2.4).
Then for x1, x2 ∈ Σ with dr(x1, x2) ≥ 2τ0, we have
d
dr
dr(x1, x2) ≤ C(τ0
r
+
1
τ0
+
dr(x1, x2)
r2
), ∀ r ≥ r0.(3.6)
where dr(·, ·) is the distance function of (Σ, hr).
Proof. The proof follows from the one of [12, Lemma 3.1]. When f(x)
satisfies (2.4) and Ricci curvature and curvature tenser satisfies (1.3), it is
easy to check that S = {x ∈ M |∇f(x) = 0} is non-empty and compact.
Then, we may assume that |∇f |2(x) = Rmax − R(x) > 0, ∀ f(x) > r0.
Thus, every Σr is diffeomorphic to a compact codimensional 1 submanifold
Σ ⊂M when r ≥ r0.
As in [12], we introduce one parameter group of diffeomorphisms Fr :
Σ→ Σr ⊆M (r ≥ r0), which is generated by flow
∂Fr
∂r
=
∇f
|∇f |2 .
9
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Let hr = F
∗
r (g) and ei = F∗(e¯i), ej = F∗(e¯j), where e¯i, e¯j ∈ TΣ. Then, a
direct computation shows that
∂hr
∂r
(e¯i, e¯j) =
2
|∇f |2Ric(ei, ej).(3.7)
Let γ be a normalized minimal geodesic from x1 to x2 with velocity field
X(s) = dγds and V any piecewise smooth normal vector field along γ which
vanishes at the endpoints. By the second variation formula, we have∫ dr(x1,x2)
0
(|∇XV |2 + 〈R¯(V,X)V,X〉)ds ≥ 0.
Let {ei(s)}n−1i=1 be a parallel orthonormal frame along γ that is perpen-
dicular to X. Put Vi(s) = f(s)ei(s), where f(s) is defined as
f(s) =
s
τ0
, if 0 ≤ s ≤ τ0;
f(s) = 1, if τ0 ≤ s ≤ dr(x1, x2)− τ0;
f(s) =
dr(x1, x2)− s
τ0
, if dr(x1, x2)− τ0 ≤ s ≤ dr(x1, x2).
By a direct computation, we have
0 ≤
n−1∑
i=1
∫ dr(x1,x2)
0
(|∇XVi|2 + 〈R¯(Vi,X)Vi,X〉)ds
=
2(n − 1)
r0
−
∫ dr(x1,x2)
0
Ric(X,X)ds +
∫ τ0
0
(1− s
2
τ20
)Ric(X,X)ds
+
∫ dr(x1,x2)
dr(x1,x2)−τ0
(1− (dr(x1, x2)− s)
2
τ20
)Ric(X,X)ds.(3.8)
We claim
Ric(X,X) ≤ C
r
g¯(X,X), ∀ x ∈ Σr.(3.9)
By Gauss formula, we have
Rm(X,Y,Z,W ) = Rm(X,Y,Z,W )
+
1
|∇f |2 (Ric(X,Z)Ric(Y,W )− Ric(X,W )Ric(Y,Z))(3.10)
and
Rij = Rij +R(
∇f
|∇f | , ei, ej ,
∇f
|∇f |)−
1
|∇f |2
∑
k
(RijRkk −RikRkj),
10
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where indices i, j, k are corresponding to vector fields on TΣr. Thus for a
unit vector Y , we derive
(Ric− Ric)(Y, Y ) =R( ∇f|∇f | , Y, Y,
∇f
|∇f |)
− 1|∇f |2
n−1∑
i=1
[Ric(Y, Y )Ric(ei, ei)− Ric2(Y, ei)].(3.11)
On the other hand, by Lemma 3.1, we have
|∇f |2 · Rm( ∇f|∇f | , Y, Y,
∇f
|∇f |)
= −1
2
(HessR)(Y, Y )− Ric(Y, ei)Ric(Y, ei)
+ (∆Ric)(ej , ek) + 2Rm(ei, Y, Y, ej)Ric(ei, ej).
Note that by Lemma 2.4,
|HessR|+ |∆Ric|+ |Ric|2 + |Rm| · |Ric| ≤ C1
f2
.
Then
|Rm( ∇f|∇f | , Y, Y,
∇f
|∇f |)| ≤
C1
|∇f |2 · f2 ≤
C
2r2
.
Also, we have
1
|∇f |2 |
n−1∑
i=1
[Ric(Y, Y )Ric(ei, ei)− Ric2(Y, ei)]| ≤ R
2 + |Ric|2
|∇f |2 ≤
C
2r2
.
Hence, we get from (3.11),
|(Ric− Ric)(Y, Y )| ≤ C
r2
, r ≥ r0.(3.12)
In particular,
Ric(Y, Y ) ≤ C1
r
, r ≥ r0.
This proves (3.9).
By (3.8) and (3.9), it is easy to see that∫ dr(x1,x2)
0
Ric(Y, Y )ds ≤ 2(n− 1)
τ0
+
4Cτ0
3r
.(3.13)
Also by (3.12), we see that∫ dr(x1,x2)
0
(Ric− Ric)(Y, Y )ds ≤ C
r2
dr(x1, x2).(3.14)
11
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On the other hand, if we let Y (s) = (Fr)∗(X(s)) with |Y (s)|(Σr ,g) ≡ 1, then
by (3.7), we have
d
dr
dr(x1, x2)
=
1
2
∫ dr(x1,x2)
0
(L ∇f
|∇f |2
g)(Y, Y )ds
=
1
|∇f |2
∫ dr(x1,x2)
0
Ric(Y, Y )ds+
1
|∇f |2
∫ dr(x1,x2)
0
(Ric− Ric)(Y, Y )ds.
Thus inserting (3.13) and (3.14) into the above relation, we obtain
d
dr
dr(x1, x2) ≤ C(τ0
r
+
1
τ0
+
dr(x1, x2)
r2
).

By Lemma 3.2, we get the following diameter estimate for (Σr, g¯) (cf. [12,
Proposition 3.3]).
Proposition 3.3. Let (M,g, f) be a steady Ricci soliton as in Lemma 3.2.
Then there exists a constant C independent of r such that
diam(Σr, g) ≤ C
√
r, ∀ r ≥ r0.(3.15)
Remark 3.4. When Rmax = 1, there exists a constant C1 and C2 indepen-
dent of r such that
diam(Σr, g) ≤ C1
√
r + C2, ∀ r ≥ r0.(3.16)
Moreover, C1 only depends on n and C, where C is the constant in (1.3).
As a corollary, we have
Corollary 3.5. Under the condition of Proposition 3.3, there exists a uni-
form constant C0 > 0 such that the following is true: for any k ∈ N, there
exists r¯0 = r¯0(k) such that
Mp,k ⊂ B(p,C0 + 2k√
Rmax
; f−1(p)g), ∀ ρ(p) ≥ r¯0.(3.17)
The proof is the same as the one of Corollary 3.4 in [12]. We shall mention
that the definition of Mp,k in Corollary 3.5 is a little different from the one
in [12] and it needs to replace the scale R(p) there by f−1(p). We skip over
the proof.
12
Classification of gradient steady Ricci solitons
4. Proof of Theorem 1.1
The proof of Theorem 1.1 is based on the following famous Gromov the-
orem [13].
Theorem 4.1. If V is ε̂(n)-flat, then its universal cover is diffeomorphic
to Rn, where ε̂(n) is a constant depends only on n.
The definition of almost flat manifolds is as follows.
Definition 4.2. Let (V, g) be a connected n-dimensional complete Riemann-
ian manifold. Let d(V ) be the diameter of (V, g). Let c+(V ) and c−(V ) be
the upper and lower bound of the sectional curvature of (V, g), respectively.
We set c(V ) = max{|c+(V )|, |c−1(V )|}. We say V is ε-flat for ε ≥ 0 if
c(V )d2(V ) ≤ ε.
With the help of Theorem 4.1, we will prove
Proposition 4.3. Let (M,g, f) be an n(≥ 3)-dimensional steady Ricci soli-
ton with nonnegative sectional curvature and positive Ricci curvature. Sup-
pose that (1.1) holds. Then there is a constant c0 > 0 such that
R(x) ≥ c0
ρ(x)
, ∀ ρ(x) >> 1.(4.1)
We first prove two lemmas below.
Lemma 4.4. Let (M,g, f) be an n-dimensional steady Ricci soliton as in
Proposition 4.3. Suppose that there exists a sequence of points pi such that
f(pi) → ∞ and R(pi)f(pi) → 0 as i → ∞. Then there exists a constant
ε > 0 such that
R(xi)f(xi)→ 0, as i→∞, ∀xi ∈ B(pi, ε; f−1(pi)g).(4.2)
Moreover, ε only depends on the dimension n and the constant C in (1.1).
Proof. Let gi(t) = f(pi)
−1g(f(pi)t). We consider the recaled sequence of
Ricci flows (M,gi(t), pi). By Lemma 2.3, we see that
B(pi, 1; f(pi)
−1g) ⊆Mpi,√Rmax .(4.3)
Then, for any qi ∈ B(pi, 1; f(pi)−1g),
f(qi)
f(pi)
→ 1, as i→∞.(4.4)
Note that (2.4) holds by Lemma 2.1. By the curvature decay (1.1), it follows
that
R(qi)f(pi) ≤ 2C, as i→∞.(4.5)
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Hence, the sectional curvature of (M,f(pi)
−1g) is uniformly bounded by
C(n)C on B(pi, 1; f(pi)
−1g) when i large enough.
Let ιi : B˜(0, r0) ⊂ Rn → B(0, r0; f(pi)−1g) ⊂ M be an exponential
map such that ιi(0) = pi. Then there exists a r0 ≤ 1 (depends only on
C and n ) such that ι∗i (f(pi)
−1g)(x) is a smooth metric on B˜(0, r0) which
satisfies ι∗i (f(pi)
−1g)(0) = ge(0) and C−10 ge ≤ ι∗i (f(pi)−1g)(x) ≤ C0ge for
any x ∈ B˜(0, r0). Here ge is the Euclidean metric and C0 is a constant
independent of i. Let g˜i(t) = ι
∗
i (gi(t)). By Lemma 2.4 and (4.4), it follows
that
|∇˜kR˜mg˜i(0)|g˜i(0)(x) =
|∇kRm|(ιi(x))
f(ιi(x))
− k+2
2
· f(pi)
k+2
2
f(ιi(x))
k+2
2
≤ C1, ∀ x ∈ B˜(0, r0).
Note that
f(φt(p))− f(p) =
∫ −t
0
|∇f |2(φs(p))ds ≥ 0, ∀ t ≤ 0, p ∈M.(4.6)
Then, for any t ≤ 0 and x ∈ B˜(0, r0), we also get
|∇˜kR˜mg˜i(t)|g˜i(t)(x) =
|∇kRm|(xi, f(pi)t)
f(φf(pi)t(xi))
− k+2
2
· f(pi)
k+2
2
f(φf(pi)t(xi))
k+2
2
≤C1 · f(pi)
k+2
2
f(xi)
k+2
2
≤2C1,
where xi = ιi(x). Hence, by the Hamilton compactness theorem [16],
(B˜(0, r0), g˜i(t), 0) converges to a limit (B˜(0, r0), g˜∞(t), 0) in C∞loc sense.
On the other hand,
R˜∞(0, 0) = lim
i→∞
R(pi)f(pi) = 0.(4.7)
This means that R˜∞(x, t) attains its minimum 0 at the interior point 0 ∈
B˜(0, r0), since g˜i(t) has nonnegative sectional curvature. By the maximum
principle, (B˜(0, r0), g˜(t)) has constant sectional curvature 0. Hence, by tak-
ing ε = r0, the convergence of (B˜(0, r0), g˜i(0), 0) will imply (4.2).

Lemma 4.5. Let (M,g, f) be a steady Ricci soliton and {pi} a sequence
such that f(pi)→∞ and R(pi)f(pi)→ 0 as i→∞ as in Lemma 4.4. Then
by taking a subsequence,
R(xi)f(xi)→ 0, as i→∞, ∀xi ∈ Σf(pi).(4.8)
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Proof. We prove by contradiction. Suppose the lemma is not true. Then,
there exists a sequence of point qi →∞ and a constant c′ > 0 such that
R(qi)f(qi) ≥ c′.(4.9)
We consider the sequence of manifolds (Σf(pi), f(pi)
−1g¯), where g¯ is the
induced metric on Σf(pi) as a submanifold of (M,g). By Guass formula
(3.10) together with the curvature estimate in Lemma 2.4, we see that
(Σf(pi), f(pi)
−1g¯) has uniform bounded curvature. Moreover, by Proposi-
tion 3.3, it has uniform bounded diameter estimate. Thus (Σf(pi), f(pi)
−1g¯)
converges to a length space (Σ∞, g¯∞) in Gromov-Hausdroff topology. With-
out loss of generality, we may assume that pi → p∞ and qi → q∞. Then
d∞(p∞, q∞) = L <∞.
Let N = [2L
ε
], where ǫ is chosen as in Lemma 4.4. Then we can choose N
points p1∞, · · · , pN∞ such that
d∞(p∞, p1∞) = ε/2,
d∞(pk∞, p
k+1
∞ ) = ε/2, 1 ≤ k ≤ N − 1,
d∞(q∞, pN∞) ≤ ε/2.
By the convergence of (Σf(pi), f(pi)
−1g¯), there exists sequences pki , 1 ≤
k ≤ N − 1 such that pki → pk∞. Note that R(pi)f(pi) → 0 and p1i ∈
B(pi, ε; f
−1(pi)g). Thus by Lemma 4.4, we see that
R(p1i )f(p
1
i )→ 0, as i→∞.(4.10)
Since the constant ε is independent of the choice of sequence of base points
({pi} is replaced by {pki } here ) in Lemma 4.4, by induction on k, we conclude
from Lemma 4.4 that
R(pki )f(p
k
i )→ 0, as i→∞, 1 ≤ k ≤ N + 1.(4.11)
In particular, for k = N + 1, we get
R(qi)f(qi)→ 0, as i→∞,
which is a contradiction with (4.9). The lemma is proved. 
Proof of Proposition 4.3. We prove by contradiction. If the proposition is
not true, there exists a sequence of point pi →∞ such that R(pi)f(pi)→ 0.
Then by Lemma 4.5,
R(xi)f(xi)→ 0, as i→∞, ∀xi ∈ Σf(pi).
Since the sectional curvature is nonegative,
|Rm(xi)|f(xi)→ 0, as i→∞, ∀xi ∈ Σf(pi).
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By (3.10), it follows that
|Rm(xi)|f(pi)−1g¯ → 0, as i→∞, ∀xi ∈ Σf(pi).
On the other hand, by Proposition 3.3,
diam(Σf(pi), f(pi)
−1g¯) ≤ C.
Hence, we see that (Σf(pi), f(pi)
−1g¯) is a sequence of ε̂(n)-flat manifold when
i is large enough. By Theorem 4.1, the universal cover of (Σf(pi), f(pi)
−1g¯)
is diffeomorphic to Rn−1. However, Σf(pi) is diffeomorphic to S
n−1 (cf.
[12, Lemma 2.1]). Therefore, there is a contradiction. The proposition is
proved. 
By Proposition 4.3, we can finish the proof of Theorem 1.1.
Proof of Theorem 1.1. We may suppose that (M,g, f) is non-flat. Let (M˜ , g˜)
be the universal cover of (M,g) and π : M˜ → M be the covering map. Let
f˜ = f ◦ π. Then, (M˜, g˜, f˜) is also a steady Ricci soliton. By the proof of
Lemma 5.1 in [12], (M˜, g˜) splits as (N,h)×Rn−k and f˜ is a constant when
restricted on Rn−k, where k ≥ 2. Moreover, (N,h, fN ) is a k-dimensional
steady Ricci soliton with nonnegative sectional curvature and positive Ricci
curvature, where fN (q) = f˜(q, ·), ∀ q ∈ N .
By (4) of Lemma 2.1 and (1.1), we see that
R(x)f(x) ≤ c, ∀ f(x) ≥ r0.
This implies that
RN (x)fN (x) ≤ c, ∀ fN (x) ≥ r0,
and consequently,
RN (x)ρN (x) ≤ c′, ∀ ρN (x) ≥ r′0.(4.12)
When k = 2, (N,h) is a two-dimentional steady Ricci soliton, which is a
Cigar soliton [17, 7]. When k > 2, by (4.12 ), we can apply Proposition 4.3
to the steady Ricci soliton (N,h) and conclude that RN (x) satisfies (1.2).
The proof is completed. 
Corollary 1.2 follows from Theorem 1.1 directly. We need to consider
the case (iii) in the theorem. However, it is proved in [11] that any 3-
dimensional steady Ricci soliton (N3, gN ) with scalar curvature decay (1.2)
must be rotationally symmetric.
Proof of Corollary 1.4. By Theorem 1.1, the universal cover (M˜, g˜, f˜) of
(M,g, f) is either (R2, gcigar)× (R2, gEuclid), or a 4-dimensional steady Ricci
soliton (Nk, gN , fN )×(Rn−k, gEuclid) (k > 2) with the scalar curvatureRN (·)
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of (Nk, gN ) which satisfying (1.2). Since (M,g) is κ-noncollapsed, (M˜ , g˜) is
also κ-noncollapsed, and so it can’t be (R2, gcigar)× (R2, gEuclid).
In the latter case, fN (q) = f˜(q, ·), ∀ q ∈ N . We note that fN satisfies
(2.4) by Lemma 2.1 for N . Thus, by (1.2), we have
C−1
fN (x)
≤ RN (x) ≤ C
fN(x)
, f˜N(x) ≥ r0.
It follows that
C−1
f˜(x)
≤ R
M˜
(x) ≤ C
f˜(x)
, f˜(x) ≥ r0,
and consequently,
C−1
f(x)
≤ R(x) ≤ C
f(x)
, f(x) ≥ r0.
Again by (2.4) in Lemma 2.1, we get
(C ′)−1
ρ(x)
≤ R(x) ≤ C
′
ρ(x)
. ρ(x) ≥ r′0.(4.13)
This means that (M,g) is a 4-dimensional κ-noncollapsed steady Ricci soli-
ton with nonnegative sectional curvature , which satisfies (4.13 ). Hence, by
Theorem 1.5 in [12], it must be rotationally symmetric.

5. Proof of Theorem 1.3
In this section, we generalize the argument in the proof of Theorem 1.1
to prove Theorem 1.3. We have assumed that Rmax = 1. Then, by Lemma
2.2 and (1.4)
R(x)f(x) ≤ 2ε(n), ∀ f(x) ≥ r0,(5.1)
when r0 is large enough.
Proof of Theorem 1.3. Let (M˜ , g˜, f˜) be the covering steady Ricci soliton of
(M,g, f). Then, by Theorem 1.1, (M˜, g˜) is a (R2, gcigar)×(Rn−2, gEuclid), or
(M˜, g˜) = (N, gN )× (Rn−k, gEuclid), k > 2, where (N, gN ) is a k-dimensional
steady Ricci soliton with nonnegative sectional curvature and positive Ricci
curvature. Moreover, there is a positive constant c0 such that the scalar
curvature RN of (N, gN ) satisfies
c0
fN(x)
≤ RN (x) ≤ 2ε(n)
fN (x)
, ∀ fN (x) ≥ r0,(5.2)
where fN (q) = f˜(q, ·), ∀ q ∈ N . Hence, to prove Theorem 1.3, it suffices to
eliminate the second case (Nk, gN )× (Rn−k, gEuclid) by contradiction.
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Let Σr = {x ∈ N |fN (x) = r} be the level set of fN . By Proposition 3.3,
the diameter Dr of (Σr, r
−1h) satisfies
Dr ≤ C1(n), ∀ r ≥ r1,
where r1 is a large number and C1(n) is a uniform constant depending only
on the dimension n. Thus, as in the proofs of Lemma 2.3 and Corollary 3.5,
we see that
Σr ⊆ B(x, 2C1(n); r−1h) ⊆Mx, 2C1(n), ∀ x ∈ Σr.
On the other hand, by (5.2) and the nonnegativity of sectional curvature,
|Rmh|h(x) · r ≤ C2(n)ε(n), ∀ x ∈ Σr.
Then by Lemma 2.4 and Lemma 3.1 together with (3.10), we get
|Rmr−1h|r−1h = r · |Rmh|h ≤ 2r · |Rmh|h(x) ≤ 2C2(n)ε(n), ∀ x ∈ Σr.
It follows that
|Rmr−1h|r−1h ·D2r ≤ 2C1(n)C22 (n)ε(n), ∀ x ∈ Σr, r ≥ r1.
When ε(n) ≤ 12C−11 (n)C−22 (n)ε̂(n), (Σr, r−1h) is an ε̂(n)-flat metric. Hence,
by Gromov’s theorem, Theorem 4.1, the universal cover of Σr must be dif-
feomorphic to Rk−1. However, Σr is diffeomorphic to Sk−1 (cf. [12, Lemma
2.1]) . Therefore, we get a contradiction. As a consequence, (M˜ , g˜) must be
(R2, gcigar)× (Rn−2, gEuclid).

6. A generalization of Proposition 4.3
In this section, we prove an analogy of Proposition 4.3 for κ-noncollapsed
steady Ricci solitons which satisfying(1.3). Namely, we show
Theorem 6.1. Let (Mn, g, f) be a κ-noncollapsed steady Ricci soliton which
satisfies (1.3). Suppose that f satisfies (2.4). Then Σr is diffeomorphic to
a compact shrinking Ricci soliton with nonnegative Ricci curvature for any
r ≥ r1 > 0. Moreover, there is c0 > 0 such that
R(x) ≥ c0
f(x)
, ∀ ρ(x) >> 1.(6.1)
Because of lack of positivity of sectional curvature, we could not use
Gromov’s Theorem to study the structure of level sets on steady Ricci soliton
as in Section 4. Here we first use the κ-noncollapsed condition to derive
the convergence of rescaled flows (M,f−1(pi)g(f(pi)t), pi) with the help of
diameter estimate established in Section 3.
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Lemma 6.2. Let (M,g, f) be a κ-noncollapsed steady Ricci soliton as in
Theorem 6.1. Then, for any pi →∞, rescaled flows (M,f−1(pi)g(f(pi)t), pi)
converges subsequently to (R×Σ, ds2+gΣ(t)) ( t ∈ (−∞, 0]) in the Cheeger-
Gromov topology, where Σ is diffeormorphic to the level set Σr0 of f and
(Σ, gΣ(t)) is a κ-noncollapsed ancient Ricci flow with nonnegative Ricci
curvature. Moreover, the scalar curvature RΣ(t) satisfies
∂
∂t
RΣ(x, t) ≥ 0, ∀ x ∈ Σ, t ≤ 0,(6.2)
and the curvature tensor RmΣ(x, t) of (Σ, gΣ(t)) satisfies
|RmΣ|(x, t) ≤ C
1 + |t| , ∀ x ∈ Σ, t ≤ 0,(6.3)
where C is a uniform constant.
Proof. The proof is a modification of [12, Theorem 1.4], while at present
there is no assumption of nonnegativity of sectional curvature. For any
fixed r¯ > 0, by (2.11), we have
B(pi, r¯; f
−1(pi)g(0)) ⊆Mpi,r¯√Rmax .
Moreover, by the relation,
d|∇f |2(φt(p))
dt
= −2Ric(∇f,∇f)(φt(p)) ≤ 0, ∀ t ≤ 0, f(p) ≥ r0,
one can show that for any t ≤ 0,
|∇f |2(φt(x)) ≥ |∇f |2(x) ≥ Rmax
2
, ∀ x ∈ B(pi, r¯; f−1(pi)g(0)).(6.4)
For x ∈ B(pi, r¯; f−1(pi)g(0)), by (1.3), it is easy to see that
|Rmgpi(t)(x)|gpi (t) = |Rm(x, f(pi)t)| · f(pi) ≤
Cf(pi)
f(φf(pi)t(x))
.
Moreover, by (6.4),
f(x, f(pi)t)− f(x) =
∫ f(pi)|t|
0
|∇f |2(φs(x))ds ≥ Rmax
2
· f(pi)|t|.
Thus
|Rmgpi(t)(x)|gpi (t) ≤
Cf(pi)
f(x) + Rmax2 · f(pi)|t|
≤ 2C
1 +Rmax|t| , ∀ t ≤ 0.
As in the proof of Lemma 2.4, for any t ≤ 0, we further get
|∇kRmgpi(t)(x)|gpi (t) ≤
2C(k)
1 +Rmax|t| , ∀ x ∈ B(pi, r¯; f
−1(pi)g(0)),
whereC(k) is independent of i and r¯. Note that (M,gpi(t)) is κ-noncollapsed.
Hence, (M,gpi(t), pi) converge subsequently to a Ricci flow (M∞, g∞(t), p∞)
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with nonnegative Ricci curvature in Cheeger-Gromov topology, which satis-
fies the curvature decay
|Rm∞(x, t)| ≤ C
1 + |t| , ∀ x ∈M∞, t ≤ 0.(6.5)
On the other hand, for any t ≤ 0 and x ∈ B(pi, r¯; f−1(pi)g(0)), it holds
∂Rgpi(t)(x)
∂t
= f(pi)
2 ∂R
∂t
(x, f(pi)t)
= 2f(pi)
2Ric(∇f,∇f)(x, f(pi)t) ≥ 0.
Therefore, we obtain (6.2) from (6.5) immediately.
Let X(i) = f(pi)
1
2∇f .
sup
B(pi,r¯;gpi)
|∇(gpi )X(i)|gpi = sup
B(pi,r¯;gpi)
|Ric| ·
√
f(pi) ≤ C
√
R(pi)→ 0.
Then, by Lemma 2.4,
sup
B(pi,r¯;gpi)
|∇k(gpi)X(i)|gpi ≤ C(n) sup
B(pi,r¯;gpi)
|∇k−1(gpi )Ric(gpi)|gpi ≤ C1.
Hence, X(i) converges subsequently to a parallel vector field X(∞) on (M∞,
g∞(0)). Moreover,
|X(i)|gpi (x) = |∇f |(pi) =
√
Rmax + o(1) > 0, ∀ x ∈ B(pi, r¯; gi),
as long as f(pi) is large enough. This implies that X(∞) is non-trivial. As
a consequence, (M∞, g∞(t)) locally splits off a piece of line along X(∞). By
the same argument in the proof of Lemma 4.6 in [12], we can further show
that X(∞) generates a line through p∞. Hence, (M∞, g∞(0)) splits off a line.
Now, we may assume that (M∞, g∞(t)) = (R×Σ, ds2 + gΣ(t)) for t ≤ 0.
Consequently, the curvature RmΣ(x, t) of (Σ, gΣ(t)) satisfies (6.3). We are
left to show that Σ is diffeomorphic to Σr0 when r ≥ r0. It suffices to prove
the convergence of (Σf(pi), R(pi)g¯) as in [12]. In fact, all Lemma 4.2-4.4,
Proposition 4.5 and Lemma 4.7 in [12, Section 4] are valid, while the cor-
responding estimates have been obtained here in Lemma 2.3, Lemma 2.4,
Proposition 3.3 and Corollary 3.5. Thus (Σf(pi), f(pi)
−1g¯) converge subse-
quently to a compact manifold (Σ∞, g¯∞) in Cheeger-Gromov sense. More-
over, (Σ∞, g¯∞) ⊆ Σ × {p∞}. By the connectness of Σ, Σ∞ is diffeomorphic
to Σ, and so is each Σr. The lemma is proved.

The following result seems well-known.
Lemma 6.3. The scalar curvature of a compact gradient shrinking Ricci
soliton does not vanish.
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Proof. Let (Σ, g, f) be a compact gradient shrinking Ricci soliton, i.e., it
satisfies
Ric− g
2
+ Hessf = 0.
By the flat condition, it follows that
∆f =
n
2
.(6.6)
Since Σ is compact, f attains its maximum at some point x0 ∈ Σ. Hence,
∆f(x0) ≤ 0.
It is impossible by (6.6). We complete the proof. 
Proof of Theorem 6.1. We first show that Σ in Lemma 6.2 is diffeomorphic
to a compact shrinking Ricci soliton with nonnegative Ricci curvature when
r ≥ r0. Since (Σ, gΣ(t)) is a κ-noncollapsed ancient Ricci flow with nonneg-
ative Ricci curvature satisfying (6.3), by Theorem 3.1 in [20], we see that for
any fixed x ∈ Σ and any sequence {τi} → ∞, (Σ, τ−1i gΣ(τit), x) subsequently
converges to a shrinking Ricci soliton (Σ′, g′(t), x′) with nonnegative Ricci
curvature. On the other hand, by Lemma 0.3 in [19], there exists a constant
C1 such that
diam(Σ, gΣ(t)) ≤ C1
√
|t|+ 1.
In particular,
diam(Σ, τ−1i gΣ(−τi)) ≤ C1.(6.7)
Thus, Σ′ is diffeomorphic to Σ by Cheeger-Gromov compactness theorem.
Consequently, each Σr is diffeomorphic to Σ
′ for any r ≥ r1.
Next, we prove (6.1). Suppose that (6.1) is not true. Then, there exists
pi →∞ such that
R(pi)f(pi)→ 0, as i→∞.(6.8)
By Lemma 6.2, for any pi → ∞, rescaled flows (M,f−1(pi)g(f(pi)t), pi)
converges subsequently to (R × Σ, ds2 + gΣ(t), p∞) ( t ∈ (−∞, 0]) in the
Cheeger-Gromov topology. By (6.8), RΣ(p∞, 0) = 0. Since gΣ(t) is ancient,
RΣ(t) is nonnegative by [6]. Combining with (6.2), RΣ(p∞, t) = 0, ∀ t ≤ 0.
By the maximum principle, we see that RΣ(x, t) = 0, ∀ t ≤ 0, x ∈ Σ. Note
that (Σ, τ−1i gΣ(−τi), p∞) subsequently converges to a shrinking Ricci soliton
(Σ′, g′(−1), p′) for some {τi} → ∞. Hence, we get a compact shrinking Ricci
soliton (Σ′, g′(−1)) whose scalar curvature is zero. This is impossible by
Lemma 6.3. Hence, we complete the proof. 
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6.1. Proof of Theorem 1.5. According to [2],
Definition 6.4. An n-dimensional steady Ricci soliton (M,g, f) is called
asymptotically cylindrical if the following holds:
(i) Scalar curvature R(x) of g satisfies
C1
ρ(x)
≤ R(x) ≤ C2
ρ(x)
, ∀ ρ(x) ≥ r0,
where C1, C2 are two positive constants.
(ii) Let pi be an arbitrary sequence of marked points going to infinity.
Consider rescaled metrics gi(t) = r
−1
i φ
∗
rit
g, where riR(pi) =
n−1
2 + o(1) and
φt is a one-parameter subgroup generated by X = −∇f . As i → ∞, flows
(M,gi(t), pi) converge in the Cheeger-Gromov sense to a family of shrinking
cylinders (R× Sn−1(1), g˜(t)), t ∈ [0, 1). The metric g˜(t) is given by
g˜(t) = dr2 + (n− 2)(2 − 2t)gSn−1(1),
where Sn−1(1) is the unit sphere in Euclidean space.
We need to describe some properties of asymptotically cylindrical geom-
etry on steady Ricci solitons.
Lemma 6.5. Let (M,g, f) be a noncompact steady Ricci soliton which is
asymptotically cylindrical. Then, we have
|HessR|+ |∆Ric|
R2
→ 0, as ρ(x)→∞,
Ric(ei, ej)
R
→ δij
n− 1 , as ρ(x)→∞,
Ric(ei, en)
R
→ 0, as ρ(x)→∞,
Rm(ej , ek, ek, el)
R
→ (1− δjk)δjl
(n− 1)(n − 2) , as ρ(x)→∞,
Rm(en, ei, ej , ek)
R
→ 0, as ρ(x)→∞,
where {e1, · · · , en} are the orthonormal basis of TxM with respect to metric
g and 1 ≤ i, j, k, l ≤ n− 1, en = ∇f|∇f | .
Proof. We only need to show that for any pi tends to infinity and for any
sequence of orthonormal basis {e(i)1 , · · · , e(i)n−1} ⊆ TpiΣf(pi), the following
holds (perhaps after taking a subsequence),
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|HessR|(pi) + |∆Ric|(pi)
R2(pi)
→ 0, as i→∞,(6.9)
Ric(e
(i)
j , e
(i)
k )
R(pi)
→ δjk
n− 1 , as i→∞,(6.10)
Ric(e
(i)
j , e
(i)
n )
R(pi)
→ 0, as i→∞,(6.11)
Rm(e
(i)
j , e
(i)
k , e
(i)
k , e
(i)
l )
R(pi)
→ (1− δjk)δjl
(n− 1)(n − 2) , as i→∞,(6.12)
Rm(e
(i)
n , e
(i)
j , e
(i)
k , e
(i)
l )
R(pi)
→ 0, as i→∞.(6.13)
For any pi tends to infinity, we consider the sequence of pointed manifold
(M,gpi , pi), where gpi = R(pi)g (the scale r
−1
i is replaced by
2
n−1r
−1
i in
Definition 6.4). By the asymptotically cylindrical condition, by taking a
subsequence, we have (M,gpi , pi) converge to (R × Sn−1, g∞, p∞), where
g∞ = ds2 + (n− 1)(n − 2)gSn−1(1). Then it is easy to see that
lim
i→∞
|HessR|(pi) + |∆Ric|(pi)
R2(pi)
= lim
i→∞
(|HessRgpi |gpi (pi) + |∆gpiRicgpi |(pi))
=|HessRg∞|g∞(p∞) + |∆g∞Ricg∞ |(p∞)
=0.
Moreover, for any fixed r > 0, we have
lim
i→∞
|Ric|(x)
R(pi)
= lim
i→∞
|Ricgpi |gpi (x) =
1√
n− 1 , ∀ x ∈ B(pi, r¯; gpi).(6.14)
Let X(i) = R(pi)
− 1
2∇f . By (6.14), we see that
sup
B(pi,r¯;gpi)
|∇(gpi)X(i)|gpi = sup
B(pi,r¯;gpi)
|Ric|√
R(pi)
≤ 2
√
R(pi)
n− 1 → 0.
Note that
sup
B(pi,r¯;gpi)
|∇m(gpi )X(i)|gpi ≤ C(n) sup
B(pi,r¯;gpi)
|∇m−1(gpi )Ric(gpi)|gpi → 0.
Then X(i) converges to a parallel vector field X(∞) on (M∞, g∞). Moreover,
|X(i)|gpi (x) = |∇f |(pi) =
√
Rmax + o(1) > 0, ∀ x ∈ B(pi, r¯; gpi).
This implies that X(∞) is non-trivial. Hence, X(∞) is tangent to R in R ×
S
n−1.
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Suppose that R(pi)
− 1
2 e
(i)
j → e(∞)j for 1 ≤ j ≤ n− 1. Then,
e(∞)n = lim
i→∞
X(i)
|X(i)|gpi
=
X(∞)
|X(∞)|g∞
,
〈e(∞)j ,X(∞)〉g∞ = lim
i→∞
〈e(i)j ,X(i)〉gpi = 0,
|e(∞)j |g∞ = lim
i→∞
R(pi)
− 1
2 |e(i)j |gpi = 1.
Thus, all unit vectors e
(∞)
j ∈ TSn−1 for 1 ≤ j ≤ n− 1. It follows that
Ricg∞(e
(∞)
j , e
(∞)
k ) =
δjk
n− 1 , ∀ 1 ≤ j, k ≤ n− 1.
Ricg∞(e
(∞)
j , e
(∞)
n ) = 0, ∀ 1 ≤ j ≤ n− 1.
Rmg∞(e
(∞)
j , e
(∞)
k , e
(∞)
k , e
(∞)
l ) =
(1− δjk)δjl
(n− 1)(n − 2) , ∀ 1 ≤ j, k, l ≤ n− 1,
Rmg∞(e
(∞)
n , e
(∞)
j , e
(∞)
k , e
(∞)
l ) = 0, ∀ 1 ≤ j, k, l ≤ n− 1.
Hence, by the convergence of (M,gpi , pi), it is easy to check that (6.10),
(6.11), (6.12) and (6.13) are all true.

Lemma 6.6. Let (M,g, f) be a noncompact steady Ricci soliton with posi-
tive Ricci curvature, which is asymptotically cylindrical. Then, there exists
a compact set K ⊆ M such that (M,g) has positive sectional curvature on
M \K.
Proof. For p ∈ M , let {e1, · · · , en} be an orthonormal basis of TpM with
respect to metric g and en =
∇f
|∇f | . When ρ(p) ≥ r0, we have
Rm(ej , ek, ek, ej) ≥ R(p)
2(n − 1)(n − 2) > 0, ∀ 1 ≤ j < k ≤ n− 1.
By Lemma 3.1 and Lemma 6.5, for any ǫ > 0, we have
|∇f |2(p) ·Rm(en, ej , ej , en)
= −1
2
(HessR)jj −
n∑
l=1
RjlRjl +∆Rjj + 2
n∑
i,l=1
RijjlRil
≥ ( 1
(n − 1)2 − ǫ)R
2(p) > 0.
Hence, (M,g) has positive sectional curvature on M \ B(p0, r0; g) for some
p0 ∈M and r0 > 0. 
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Proof of Theorem 1.5. Since R(x) decays uniformly, R(x) attains its maxi-
mum at some point o. Thus
Ric(∇f,∇f)(o) = −1
2
〈∇R,∇f〉(o) = 0.
Note that Ric(·) is positive, we get ∇f(o) = 0. By [4], we know that f
satisfies (2.4).
By Lemma 6.2, for any pi → ∞, rescaled flows (M,f−1(pi)g(f(pi)t), pi)
converges subsequently to (R×Σ, ds2+gΣ(t)) ( t ∈ (−∞, 0]) in the Cheeger-
Gromov topology. On the other hand, by (6.1) in Theorem 6.1, we have
C
f(x)
≥ |Rm|(x) ≥ R(x) ≥ c
f(x)
, ∀ ρ(x) ≥ r0.(6.15)
This means that f and R−1 is equivalent. Thus, we may assume that
f(pi)R(pi) → C0, as i → ∞ by taking subsequence. As a consequence, the
rescaled flows (M,R(pi)g(R
−1(pi)t), pi) converges subsequently to (R × Σ,
ds2 + g′Σ(t)) ( t ∈ (−∞, 0]) in the Cheeger-Gromov topology, where g′Σ(t) =
C0gΣ(C
−1
0 t). Note that (Σ, g
′
Σ(t)) is a 3-dimensional κ-noncollpased Ricci
flow which satisfies (6.3). By [6], (Σ, g′Σ(t)) has nonnegative sectional curva-
ture. Since the Ricci curvature is positive, the level set of f is diffeomorphic
to S3 by [12]. Hence, Σ is diffeomorphic to S3. By [19], (Σ, g′Σ(t)) is a group
of shrinking sphere. Therefore, we prove that (M,g, f) is asymptotically
clinderical. Moreover, (M,g) has positive sectional curvature on M \K for
some compact K by Lemma 6.6.

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